MTH 166

Lecture-31

Greens’ Theorem




Statement:

Let C be a piecewise smooth simple closed curve bounding a region R
traced in anticlockwise direction. If f and g are two scalar functions
which are continuous and have continuous first order partial derivatives

on R, then:

§. fOoy)dx +g(y)dy = [f, (32 -5 dxdy



https://physics.stackexchange.com/questions/222705/how-to-draw-and-and-nabla-times-e-on-a-circular-wire
https://creativecommons.org/licenses/by-sa/3.0/

Important Results for MCQO Practice:

1. By Greens’ theorem: §. fdx + gdy = |, (gx — Zf] ) dxdy

2. Greens’ theorem 1s a relationship between double integral and line
Integral.

3. Greens’ theorem 1is also called as First fundamental theorem of
Integral vector calculus.

. ~ B 1
4. Areaof regionR=¢. xdy = —¢. ydx = Efﬁc (xdy — ydx)

dg _ of ; _
5.1f == = 3y then by Greens’ theorem §. fdx + gdy = 0



Problem: Use Greens’ theorem to evaluate: $. (x + y)dx + x*dy, where C is a
triangle with the vertices (0,0),(2,0) and (2,4) taken in the order.

Solution: Here the given integral is: ¢. (x + y)dx + x*dy

Comparing it with: . fdx + gdy

_ tine O 0g
f = (x+y) implies 3y g = x2 implies =2 ™ = 2x

By Greens’ theorem:

0
§ fdx+gdy = [, (52-5%)dxdy

$. (x+y)dx +x%dy = [[, (2x — 1)dxdy
Now we are to get the limits of x and y for the evaluation of double integral.
Let us first draw the figure and find limits




|
1 0, Ok

0<x<?2
0<y<2x

Now, Let us evaluate the integral:

In the given figure: R:{

}

Z.



$. (x +y)dx +x?dy = [[, (2x — 1)dxdy
2 (2x
= fx—O [,20(2x — Ddydx

= [ (2xy — )t dx
= f;:oz (4x% — 2x)dx
-4

20
=7 Answer




Problem: Use Greens’ theorem to evaluate:$. x°dy — y°dx, where C is a the
circle:x =2cosf,y =2sinf,0 <6 < 2m.

Solution: Here the given integral is: ¢. x*dy — y*dx

Comparing it with: ¢. fdx + gdy
_ _3imnliae 9 _ o2 _ 3 imnlioc 29 _ 2.2
f = —y~°implies 5y 3y“, g = x° implies = 3x

By Greens’ theorem:

d d
§. fdx+gdy = [, (ax—ag)dxdy

. x°dy —y3dx =3 [[, (x* + y*)dxdy
Here limits of x and y are in polar coordinates:
x=2cosB,y=2sin6,0<0 <2m




InthegivenregionR: 0 <r<2,0<60 <2rm
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x3dy —y3dx =3 [, (x* + y?)dxd
$. x*dy—y . y y
=3 frzzo f;:o(rz)rdrde

= 3fr220r3dr 92:0 do

_ r* 2 2T
=3 Hrzo [615=0
= 3(4)(2m)

= 241 Answer




Line Integral Independent of Path of Integration

An integral of the form: f N f(x,y)dx + g(x,y)dy is independent of path of

f _0g
Integration if and only If: 3y — 9%

Problem: Show that the integral fPQ 2xy%dx + (2x%y + 1)dy is independent of
path of integration.

Solution: Compare the given integral with: fPQ f(x,y)dx + g(x,y)dy
Here f = 2xy?and g = (2x%y + 1)

of _ 9
This implies: 3y = 4xy and — = 4xy
of _ 99 _
Since, 3y o 4xy

So, the given integral is independent of path of integration.
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